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Abstract. We present a new construction of the entropy-maximizing, invari- 
ant probability measure on a Smale space (the Bowen measure). Our con- 
struction is based on points that are unstably equivalent to one given point, 
and stably equivalent to another: heteroclinic points. The spirit of the con- 
struction is similar to Bowen's construction from periodic points, though the 
techniques are very different. We also prove results about the growth rate of 
certain sets of heteroclinic points, and about the stable and unstable compo- 
nents of the Bowen measure. The approach we take is to prove results through 
direct computation for the case of a Shift of Finite type, and then use resolving 
factor maps to extend the results to more general Smale spaces. 



1. Introduction 

A Smale space, as defined by David Ruelle |10], is a compact metric space, X, 
together with a homeomorphism, which is hyperbohc. These include the basic 
sets of Smale's Axiom A systems [H]. Another special case of great interest are 
the shifts of finite type [3], [5] where the space, here usually denoted E, is the path 
space of a finite directed graph and the homeomorphism, a, is the left shift. 

The structure of (X, (p) is such that each point x in X has two local sets associ- 
ated to it: A'*(x, e), on which the map is (uniformly) contracting; and X"(x, e), 
on which the map </3~^ is contracting. We call these sets the local stable and unsta- 
ble sets for X. Furthermore, x has a neighbourhood, U {x, e) that is isomorphic to 
X"(x, e) X X'^{x, e). In other words, the sets X"(a:, e) and X^^x, e) provide a coor- 
dinate system for U{x, e) such that, under application of the map if, one coordinate 
contracts, and the other expands. 

The basic axiom for a Smale space is the existence of a map defined on pairs 
(x, y) in X X X which are sufficiently close. The image of (x, y) is denoted [x, y] 
and is the unique point in X''{x, e) fl X"(y, e). This satisfies a number of identities 
and, in particular defines a homeomorphism from X^{x, e) x X^{x, e) — U{x, e). 

There is also a notion of a global stable (unstable) set for a point x, which 
we denote X^{x) {X"{x)). This is simply the set of all points y £ X such that 
d{(p^{x),ip^{y)) — J- as n ^ +oo (— oo). The collection of sets {A*(y,(5) | y G 
X'^{x), (5 > 0} forms a neighbourhood base for a topology on X*(a:) that is locally 
compact and Hausdorff. This is the topology that we use on X^{x) (not the relative 
topology from X). There is an analogous topology on X^{x). The global stable 
(unstable) sets partition the Smale space X into equivalence classes. In other 
words, there are three equivalence relations defined on X. We say x and y are 
stably equivalent if X^{x) = X^{y), unstably equivalent if X"{x) = X"{y), and 
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homoclinic if they are both stably and unstably equivalent. Finally, we say that a 
point z is a heteroclinic point for the pair (x, y) if z is stably equivalent to x and 
unstably equivalent to y (i.e. z G X'^(x) fl X^{y)). 

For an irreducible Smale space, (X, (^) , there is a unique (^-invariant probability 
measure maximizing the entropy of , [5] . This measure is known as the Bowen 
measure and we denote it by /ix, or when the space is obvious, simply 

In 2 , Bowen constructed the measure of maximum entropy as a limit of mea- 
sures supported on periodic points. Our main goal in this paper is to present an 
alternative construction in which the Bowen measure is obtained as the limit of 
measures supported on heteroclinic points. The main result is Theorem l2.9[ which 
is proved in section 4. From our construction we are also able to relate the growth 
rate of certain sets of heteroclinic points to the topological entropy of the Smale 
space. A similar result concerning the growth rate of homoclinic orbits was proved 
by Mendoza in [7 , using different techniques. 

2. Main Results 

In [2] the unique entropy maximizing (ys-invariant probability measure is con- 
structed as the weak-* limit of the sequence /x„, where is defined as follows. Let 

Sn = U'!;Per„{X,(f) then 

where 5z is the point mass at z. In our construction we use points which are 
heteroclinic to a given pair of points instead of periodic points. It is worth noting 
that in Bowen's construction each fin is a c/j-invariant probability measure. In our 
case, the measures constructed are not i^s-invariant, but in the limit we recover 
93-invariance. 

Definition 2.1. Let {X,(p) be a mixing Smale space, x, y ^ X , B C and 
C C X^{y) open with compact closure. For each positive integer k, we define 

and the measure ^ 

Remark 2.2. • As X^{x) and X^{y) intersect transversally and f^{B) and 

ip~^{C) have compact closure for each fc, ^ is finite for each k. 
• (J may be empty, and hence /i^ ^ may not be well defined for some 
positive integers k. However, for given i?, C there exists a K such that for 
all k > K, fj,g fj is well defined. Since we will be interested in the (weak-*) 
limit of these measures as A: — 00 we will not be concerned with the finite 
ntimber of fc's for which our definition is not valid. 

We have the following result relating the growth of the heteroclinic sets /i^ ^ to 
the topological entropy. 

Theorem 2.3. Let (X, 93) fee a mixing Smale space, B, C as in Defn. \2.1l Then 
we have 

lim A-2'=#4,c7 = M"(i3)/i^(C), 

A;— J- 00 
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where log(A) — h{X,(p) is the topological entropy of {X,ip). In consequence, we 
also have 

k^oo ZK 

Theorem 2.4. Let {X, ip) be a mixing Smale space, and let /i^ ^ be as in Dejn. 
\2.1[ For each continuous function f : X ^ C we have 

lim / fd^i% c = / fdtix, 

where fix is the Bowen measure. In other words jJ^^ ^ — > [ix in the weak-* topology. 



Now suppose {X, ip) is an irreducible Smale space (not necessarily mixing) . By 
Smale's spectral decomposition, 12] we can find a partition of X into pairwise dis- 
joint clopen subsets, Xi, X2, . ■ ■ , Xj such that (p{Xi) = Xi^i (with the indices 
interpreted modulo /) and ip^\Xi mixing, for each i. 

Definition 2.5. With the notation as above, let x,y be in the same component, 
Xi^^ of X and let B C X^{x) and C C X^{y) be open with compact closures. For 
each k, we define 

4,c = ut„i(/^+^(B)n^-'^^+XC)) 



and the measure 



Remark 2.6. • The same remark concerning ^ being empty as before 

applies. 

• In the case that {X,ip) is mixing (and / 1), this clearly reduces to the 
same definition as before. 

With this extended definition, the analogous results as stated above for the 
mixing case also hold in the irreducible case. 

Theorem 2.7. Let {X,Lp) be an irreducible Smale space, B, C as in Defn. \2.5\ 

Then we have 

lim A-2fc^#4c=^M"(5K(^^)> 

/c— ^00 

where log(A) = h{X,ip) is the topological entropy of {X,(p). In consequence, we 
also have 

k^To. 2ki -^(-^'^)- 

Remark 2.8. Theorem 3.1 in [7] is essentially this result, replacing kg q with 
(p''{h'^ (j) in the case that the heteroclinic points happen to be homoclinic points. 

Theorem 2.9. Let {X, ip) be an irreducible Smale space, and let fig fj be as in 
Defn. \2. 51 For each continuous function f : X ~¥ C we have 

lim / fdfj.% c = / fdfJ-x, 
k^°°Jx Jx 

where jix is the Bowen measure. In other words fig ^ — )■ /ix in the weak-* topology. 
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3. Resolving Factor Maps and the Bowen Measure 

It was shown in that, if a small subset of X is written as a product, then the 
Bowen measure on this set can be written as a product measure. We will describe 
this result more precisely below. However, this gives us a useful way of dealing 
with the Bowen measure. We will actually provide a new proof of the result, but 
along the way, we will also see how this product decomposition is preserved under 
resolving maps. 

First, let us give a more precise description of the product decomposition of 
the Bowen measure. For each x in X, we wish to have measures /i*'^ and /i"'^ 
defined on X^{x) and X^{x), respectively. Secondly, the measure /i^'^ depends 
only on the stable equivalence class of x\ that is, if y is in then /x^'^ = ^"'^ . 

(Put another way, we should be writing /i*'^ but that notation is rather too 
clumsy.) A similar statement holds for /i"'^. It is worth noting that these measures 
are not finite, but are regular Borel measures. Moreover, these satisfy the following 
conditions. 

(1) For all X m X, e > Q and Borel sets B C X'^{x,t) and C C X'^^x^e), we 
have 

whenever e is sufficiently small so that [B, C] is defined. 

(2) For X, y in X, e > and a Borel set B C X'^{x, e), we have 

^i^'y{[B,y])^^i-''^{B), 

whenever d{x, y) and e are sufficiently small so that [i?, y] is defined. 

(3) For X, y in X , e > and a Borel set C C X''{x, e), we have 

^l^'y{[y,c])^^,^'^{c), 

whenever d{x,y) and e are sufficiently small so that [y,C] is defined. 

(4) ^^.'^(^) oip^ X'^fi"-^. 

(5) fi^-v(^K^p = A^i"'^. 

Here log(A) is the topological entropy of {X, ip). 

In the case that the Smale Space is a shift of finite type (SFT), the Bowen 
measure is the same as the Parry measure. We present a brief description of the 
Parry measure for a mixing SFT, showing the above result for this case. 

Let (S, cr) be a mixing SFT, considered as the edge shift on a directed graph G 
with adjacency matrix A. See [6j for a thorough treatment of SFTs. (E, a) is mixing 
precisely when A is primitive, i.e. when there exists N such that, for n > A" 
is strictly positive. This allows us to use the consequence of the Perron-Frobenius 
theorem (Thm. 4.5.12 in [6j), which says lim„_j.oo A~"A" = UrUi, where Ur,ui are 
the right/left Perron-Frobenius eigenvectors of the matrix A normalized so that 
uiUr = 1, and A is the Perron-Frobenius eigenvalue. This result is critical in the 
proof of our main result in the case of SFTs. Fix m > N, vertices Vi.Vj in the 
graph, and let ^ be a path of length 2m, indexed from —to + 1 to m, originating at 
Vi and terminating at Vj {A primitive guarantees such a ^ exists). Consider the set 

Sm,ij(C) = {a; e S = £,k for - m -I- 1 < fc < to}. 

The collection of such sets, as to, i, j, and ^ vary over all possible values, forms a 
base for the topology on E. The Parry measure on such a basic set is 

A*s(Sm,.,j(C)) = A"^™U;(i)Ur(j)- 
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Fix a: in S and suppose t{xm) — Vj, i{x-i+i) = Vi consider the sets 

2-") = {z G E I Zfe = Xfe V/c < m} 

E^(2/,2-') - {zeS I Zfe = XfcVA:> -/ + !}, 

These sets form a base for the topology on Yi^{x) (respectively Yi''{x)) in a neigh- 
bourhood of X. Suppose now that S"(z, 2-") C e) and Y.'{y, 2"') C e) 
Then the stable/unstable components of the Parry measure are 

/i^'^(S"(z,2-™)) = X-'urij) 

Mr(S^(y,2-')) = \-'ui{i) 

We verify that these measures do, in fact, satisfy the conditions listed above. 
Consider the homeomorphism w ^ [w,x'] from e) to I]"(a;',e'). Under this 

map 

2_„) {t; e E I Dfe = Zfc VO < A: < m, = 4 Vfc < 0, } = I]"([z, a;'], 2~"). 

Now 

Similarly, the map w ^ [x\w\ takes the measure /i^'^ to /i^'^ . Now consider 

(Mr^'^°^)(S"(^,2-")) = Ms''^''\s"(a(z),2-™+i)) = A-™+l^i,,(J) = A/i^'^(S"(z, 2-™)). 
Similarly, 

(/.r^^)oa)(I]''(y,2-'))=^r^-)(E^(a(y),2-'-l))=A-'-l^.,(^) = A-Vr(S^(^^ 
We have thus verified that the Parry measure on a mixing SFT has local sta- 
ble/unstable components that satisfy the conditions above (ie those in [H]). In 
section 3 we re- prove the existence of these stable/unstable measures for a general 
mixing Smale space using the explicit form above in the case of a SFT, and the 
resolving map results of [9]. 

In the case of a SFT, the topological entropy /i(E,cr) = log(A), where A is 
the Perron-Frobenius eigenvalue of the adjacency matrix associated with the SFT. 
Similarly, for other Smale spaces X we will write A such that h{X,ip) — log(A). 
Whenever we are talking about 2 or more Smale spaces, there will be an almost 
one-to-one factor map between them, so the entropies will be equal, hence it will 
be unnecessary to distinguish which space the A comes from. 

Definition 3.1 (Fried 4). A factor map tt : (Y, V') ^ i^^f) is s-resolving {u- 
resolving) if for every y Trlys^j,) (7r|yii(j^) respectively) is injective. 

We will primarily be concerned with almost one-to-one resolving factor maps. 
A factor map tt : (F, -0) where (F, "0) is irreducible, is called almost 

one-to-one if there exists x € X such that #7r^^(a;) = 1. 

In [1], Bowen showed that for an irreducible Smale space, (AT, (f), there exists an 
irreducible SFT (S,cr) and an almost one-to-one factor map tt : E — ;> A. Moreover, 
letting E = {x e X \ #7r^^(a;) = 1}, Bowen showed that fiT^in^^ {E)) = 1. In 
other words, tt is one-to-one /^s-a.e. It follows that for any Borel set B C X, 
lix{B) = ii^{-K-^{B)) (Theorem 34 in [T]). 

In Cor. 1.4 of [9], the second author showed that the factor map, tt, can be 
realized as the composition of two resolving factor maps. In other words, given an 
irreducible Smale space (A, (/?), we can find a Smale space (y, "0), a SFT (E, a), and 
factor maps tti : S F, 7r2 : F -> A such that 
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(1) (S, a) and (Y, ip) are irreducible, 

(2) TTi and 7r2 are almost one-to-one, 

(3) TTi is s-resolving and 1^2 is u-resolving. 

The Bowen measures on Y can be obtained from the Bowen measure on E as 
follows 

(1) ioY E (ZY the Bowen measure on (Y,ip) is hy{E) = ^y.{t^i^{E)), 

(2) iov F <Z X the Bowen measure on [X^ip) is iix{F) — /^y(7r2"^(F)) = 
ME((^2 7ri)-i(^^)). 

This requires only that tti, 7:2 be almost one-to-one factor maps, not that they 
are resolving. We now wish to define the measures on the stable and unstable 
equivalence classes in {Y,tp) and {X,(f), from /u^, tti, and 7T2- In this case, 
it is not enough that the factor maps are almost one-to-one, resolving plays an 
important role in what follows. We begin by stating the following result which is 
proved in [5|. 

Proposition 3.2. Let (Y, ip) and {X, Lp) he irreducible Smale spaces, and vr : 
Y ^ X be an almost one-to-one u-resolving factor map. If x ^ X with tt^^{x) — 
{2/1,2/2, ■•■ ,yn} then 

n 

n-\X^x)) = \jY-{y,), 

i=l 

and the union is disjoint. Moreover, using the topologies from the introduction, for 
each 1 < i < n 

7r\Y^^y,y.Y^iy,)^X^ix) 

is a homeomorphism. 

Lemma 3.3. Let (Y, ip) and {X, Lp) be irreducible Smale spaces, and tt : y — > 
X be an almost one-to-one u-resolving factor map. Fix y & Y , the set {y' £ 
I 7r(y') — 7r(y) for some y ^ y'} has fiy measure zero. In other words, 
(y) is one-to-one fiy almost everywhere. 

Proof. As Y is compact, we may cover Y with a finite number of sets of the form 
[/. = [Y"{z,,6^),Y'{z,,S,)]. Fix f/, and y G C/„ let B, = ^,), 2/], C^ = 

[y,Y''{zi,Si)], so we can write Ui = [Bi,Ci]. 

Let Si = {y' G e) fl Ci \ 7r(j/') = 7r(y) for some y ^ y'}. Since n is u- 

resolving, the set C/^ fl {y' G F | n{y') = 7r(z) for some z ^ y'} = [Bi, Si]. Now, we 
know that tt is 1-to-l fiy almost everywhere, so 

We also know that 

^ firm = ^iYm,c,]) = 

So ^Y^{Bi) ^ and thus ^Y^{Si) = 0. The conclusion follows. □ 
Note that the analogous result with an s-resolving map and '•^^^'^ holds. 

Lemma 3.4. Let tt : (Y,^) — > {X,ip) be an almost one-to-one u-resolving factor 
map. There exists a constant M such that if x G X, C C X'^{x) open with compact 
closure, and C — 7r^^(C), then C = U™Cj' where the union is disjoint, m < M 
and C[ C Y'^{yi) for some yi E Y . 
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Proof. Let e^r be as in Lemma 3.2 of [8 , and cover Y with e7r-balls. Let AI be 
the minimum nmxiber of sets in such a cover, and label them {Ui}f^ . Now choose 
yi G C n Ui for each i such that this set is non-empty, and let Ci = C C\Ui. 
We show that Q C Y^(yi). Suppose y € (7^, then [yi,y] G Y^iyi) n Ui. Now 
d{y,yi) < e^, so from Lemma 3.2 of [8], 7r([yj,y]) = [7r(yi), 7r(y)]. 7r(y), 7r(?/i) are 
both in C C -''^^(a;) so they are stably equivalent. Therefore [7T{yi),TT{y)] — 7r(y). 
We have that 7r([?/i,?/]) = Tr{y), so by Lemma 3.3 of [8], y and are stably 

equivalent. [yi,y] is also stably equivalent to j/i, so ?/ is stably equivalent to y^ and 
we have shown that d C Y'^iyi). 

At this point the sets Ci may not be pairwise disjoint. Suppose y G Ci Ci Cj. 
Then from above y ^ Y'' (yi) O Y^{yj) and thus Y'^{yi) = Y''{yj). We then replace 
these two sets with the union Ci U Cj . Similarly, if j/ is in ti of the Ci sets, then all 
n of these sets are contained in one unstable set and we union them all together. 
In this manner we arrive at a collection of sets {C^}^ such that m < M, the Cj"s 
are pairwise disjoint, U™Cj' = C", and C'^ C Y''{yi) for some yi. □ 

Definition 3.5. Let (Y, ip) and (X, if) be irreducible Smale spaces, and tt : F — > X 
an almost one-to-one u-resolving factor map. Let x & X and X'^{xi,5) C X*(a;,e), 
X"(a:2, f^) C ^"(x, e). Fix y G y and U{y) C ^"(y) such that 7r(2/) = xa, 7r(l7(y)) = 
X'^{x2,5). As in Lemma EH] find points {yj™ G 1" and sets C- C >^*(yt) such that 
'iT~^{X^{xi,5y) = [Si ^'i- Define measures on X^{x), X'^{x) locally by 

m 

1 

f,YiX-{x2,S)) = f^'p^Uiy)) 

Remark 3.6. We have stated Defn. 13.51 in terms of an almost one-to-one u- 
resolving factor map. Given two Smale spaces and an almost one-to-one s-resolving 
factor map, we would make the analogous definition, interchanging roles of stable 
and unstable sets. 

Proposition 3.7. Let {Y,ip), {X,ip) be irreducible Smale spaces, and t: : Y ^ X 
be an almost one-to-one resolving factor map (s, or u-resolving) . Suppose Y has 
local stable/unstable measures fj-y^ /ny^ that satisfy the conditions above, then the 
measures on X defined in Defn. \3.5\ also satisfy the conditions for stable/unstable 
components of the Bowen measure as above. 

Proof. We prove the result in the case that tt is u-resolving. The s-resolving case 
is completely analogous. Let x G X and let C — X^{xi,S) C X*(a:,e), B = 
X"(a;2, <5) C A:"(x, e). Fix y G y and U{y) C such that 7r(y) = X2, TriU{y)) = 

X"{x2,S) ~ B. We need to show 

(1) nx{[B,C])=fiY{Byx''iC)^^ 

(2) For z close to x, ^uf{B) = iiY'{[B,z\) 

(S) ^Y'^^\ip{B))^Xf,Y{B) 

(4) For z close to x, fix^{C) — ^^^([z,C]) 

(5) /.^'^(^)(^(C))=A-Vr(C). 

We will prove item 2 fist, as we will use this result in the proof of item 1. 
P2 We can find y' G tt^^{z) such that y' is 'close' to y. Then, 

nriB)^f^riuiy))^f^Y'''i[uiy),y']) = i^Y{<[uiy),y'])) 
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but n{[U{y),y']) = [n{U{y)),TT{y')] and n{U{y)) = B, n{y') = z so we have 



PI Since C C X'^{x,e) is open with compact closure, by lemma [331 we can 
write 

m 

7r-i(C) = Uq 

i=l 

where C- C Y''{yi) for some yi £ Y. Moreover, we write each C'^ as a 
disjoint union of finitely many sets 

fci 

= IJ C ■ J 

where C-^- C ^ , ey/2), and j/i^ e C-^-. Let x^j = 7r(?/ij), and let Bij = 
[B, Xij]. Let B'^j C Y'^{yij) be such that tt : B^^ is a homeomorphism. 

We can then write 

[B,C]=n(^[Bl^,Cl^]^ . 

So 

Now /iy (_Bj'j ) = ^Y^' (Bij) = iiY{B) for all (by part 1), so we have 

P3 

P4 We can find y' e 7r^^(z) such that y' G ^ (y, e). Let , j/ij, C^', C'^ be as 
in part 2. Let Cy = 7r(C-j), = [z,x^j], C{z)ij = [z,Cij], y-^- G 7r~^(zjj) 
s.t. ^/^ G and = [2/^,C^]. Then z,, = 7r(y^), = 7r(C^), 

7r(C'^) = [z,j,ajl and UC(z),y = [z,UCy] = [z,C] so 

P5 



□ 



Corollary 3.8. Let {X, ip) be an irreducible Smale space. Then there exist local 
stable/unstable measures that satisfy the conditions outlined at the beginning oj this 
section. 
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Proof. As in Cor. 1.4 in [9], for the irreducible Smale space {X,ip) we can find 
another irreducible Smale space (F, -(/;) and an irreducible SFT (S,(t), as well as 
almost 1-to-l factor maps tti : T, ^ Y , ^2 '■ Y ^ X such that tti is s-resolving and 
712 is u-resolving. The conclusion then follows from the explicit form of the Parry 
measure on S and 2 applications of Prop. 13.71 □ 



4. Proof of Main Result 

To prove Theorem 12.41 we first establish the result for a mixing SFT and use the 
machinery of resolving maps to obtain the more general result. 

Proposition 4.1. Let (S,(t) be a mixing SFT. Fix x,y £Ti, n,m €7^ and define 

B = {zeE I = a;, Vi <n} = I]^(a;) Cl]"(a;,es) 

C = {z e S I = Vi > -m + 1} = Y^Uv) C E^(zj, es). 

For each function f G C(E) we have 




In other words, /i^ ^ ^ /is in the weak-* topology. 

Proof. It suffices to prove the result for a function of the form e;(^) — xei{^)- Where 
Ei{S^) = Y.i,i' Now for k > max{n + l,m + 1} 

The number of points in Ei{S^) f] h'^ ^ is equal to the number of paths of length 

k-{n + l) boint{a''{x)-k+7i) = t{xn) = toi(^_/+i) = w^/ , which equals A*^7'"^'\ 
times the number of paths of length fc— {n + l) from = Vj' to i{a^^ {y)k-m+i) ~ 
i{y-m+i) = Vj, or A^,j^"^^^K The number of points in hg(j is the number of 
paths from t{a''{x)-k+n) = t{xn) = to i{a~''{y)k-m+i) = i{y-m+i) = Vj, or 
^2fe-(n+m)^ We therefore have 
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and 



lim / ei{^)d^B.c 

/c— >-oo J 



lim — — ^-^^ 

fe->oo <2fc-(n+m) 



= lim 



k^oo ej^2fe-(n+m)g^. 

^_2/e» limfc(A-'^+("+'M'^-("+'))e,'ejvlimfe(A-'=+(™+')yl'^-("+'))ej- 



ei limfe ( A-2fe+(«+m) ^2fe- (n+m) )g^. 
-2lUr{i)ui{i')Ur{j'){ui{j) 



^ ^_,, e.{urui)e,ey{urui)e, ^ ^ ^^ 

ei[UrUi)ej 



Ur{i)ui (j) 

= A-2'«^(^'K(/) 



□ 

In the above, the choice of the sets B, C, is limited to certain basic sets. We 
now wish to extend this result to open sets with compact closure B' C S"(a;), 
C" C To do this we will first need the following lemmas. 

Lemma 4.2. Let (S,cr) be a mixing SFT. Fix x,y gT,, n^m gZ, and define 
B = {z e S I = Vi < n} = S,",(2;) C S'"(a;, es) 
C = {zeE I ^y, Vz>-m+l} = E^(y)cS^(y,es). 

Then 

lim A-^^#/i|,c = Ai"(S)/i^(C), 

where log(A) = ft,(E,CT). 

Proof. Let = and i{y^m+i) = Vj, We then have 

lim A-2fe#/^| ^ = lim ;,-2fe^2fe-(„+™) 

= A-("+™) lim A-2fe+«+™ejA2'=-("+™)ej 

= A-("+™)e,u^u,ej 
A-"u,(»)A-"7.i(j) 



□ 



Lemma 4.3. Let B C S"(a;), C C 6e open and compact. Then 

where log(A) — hiYi^a). 



lim A-2^-#/4^c = 
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Proof. If B and C are clopen, then each is a finite disjoint union of cyhnder sets of 
the form considered in Lemma |4JJ Let 



1=1 1=1 

then for fixed k the /i^. q. are pairwise disjoint and ^i.jh^, — hg^. Using 
Lemma 14.21 we can now write 



□ 

Lemma 4.4. iei i? C E"(a;), C C S''(t/) be open with compact closure. Then 

hm A-2^-#/i|,c' = Me(S)me(C), 

where log(A) — hill, a). 

Proof. Fix e > We can find sets Bi C B C B2 C S"(a;) and Ci C C C C2 C ^"{y) 
such that Bi, B2, Ci and C2 are compact and open and 

^l^{B2)^Ji'{C2) - e < < M"(i?i)/i'(^?i) + e. 

Notice that #h%^ Ci < #h% c < #^B2,C2' 

M"(i3)M^(C)-e < ^,^B^)^,^{C^) 



hm A-2^-#4^.c, 

A;-)-oo 

L —2k 11 uk 



< \imMX-^''#h%c 

k^oc ' 



and 



= hm X-^'i^h^^.c, 

As this hold for ah e > we have 

hmsupA-2'=#/i|c' < A*"(5)Ai'(C) < hminf A^^fc^/il ^ 

and hence 

hm A-2^-#4,c-mS(B)m|(C). 



□ 



We are now ready to prove the more general version of Prop. 14.11 

Proposition 4.5. The result of Prop. \4.1\ holds with B C C C S''(y) open 

with compact closure. 
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Proof. We can write 

B = [jB,, c = \ja 



where each Bi, Ci is of the form considered in Prop. 14.11 and the unions are disjoint. 
For brevity we write 

and 

Notice that for fixed k the /ij^'s are pairwise disjoint and Uij/i^^ — . We can 
write 



hm / fdy^^ = hm / 



's 



Now let M = supz£T,\f(z)\, which is finite as / is continuous and E is compact. 
For each k, X)i j = 1 so for any / G N we can write 

i,j i,j = l ~ i>I.j>I 



We also know that 



''ij 



and we may choose / large enough so that 



lim y ^S< ' 



/c— ^oo 

i>I,j>l 



>IJ>I ^ 

and 



f- fiHB)f^^{C) ' 2M- 
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Using Lemma [4.41 and Prop. 14.11 we now have 



< 



< 



lim / fdf,'^ - f fdfi = lim ^ 5J / fd4 - f fdf. 



#4 



E ^^Sl / E SI- / 



2J 

/ 

E 



/ fdu + lim > 



- / /d/^ 



\ 2J 



- 1 



li- eSI 



A/ lim V 



< M— + M— 
2M 2M 



This holds for all e > so 



hm / /d// = / fd^i 



□ 



We now wish to extend this result to the mixing Smale space case. The main 
tool will be resolving factor maps, and the results in [9]. 

The following proposition allows us to extend the result of lemma to general 
mixing Smale spaces. 

Proposition 4.6. Let [X,ip), and (^,"0) mixing Smale spaces, n : Y ^ X an 
almost 1-to-l (s or u) resolving factor map, and suppose the conclusion of lemma 
\4-4\ holds for (Y, -0). Then the conclusion of lemma \J^ holds for {X, ip). 

Proof. Suppose tt is u-resolving (the s-resolving case is completely analogous). Let 
xi, X2 e X and B C C C ^''(0:2), and let 

Now, set C = 7rf^(C). By Lemma ESC" = U^C,', where the union is disjoint 
and Cj' C 5^^(1/2,1) for some 2/2,1 G Y. Also, fix yi G Tr~^{xi), and set B' such that 
TT : B' ^ B is a homeomorphism, so B' S Y"{yi ). Now 

1 1 
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Notice that since h^, q, C Y'^{ip ^{yi}) and tt is u-resolving, tt is one-to-one (and 
hence bijective) on hg, q,. In other words q = i^h^, p,. Also, recall from 
prop. 13.71 that 



Now, 



^,Y^{B) = n^^iB'), and ^^^{0) = Y^^^^■^{c'^ 



/c— >-oo ' A;— J-oo ' 



lim Va-2'=#/,|,^, 



1 



1 



We are now ready to prove Theorem 12.3 



□ 



Proof of Theorem \2.3\ As in Cor. 1.4 in 9 , for the mixing Smale space {X, (p) we 
can find another mixing Smale space {Y,^p) and a mixing SFT (I],cr), as well as 
almost 1-to-l factor maps tti : ^ Y, tt2 : Y X such that tti is s-resolving 
and 772 is u-resolving. The first conclusion then follows from lemma 14.41 and 2 
applications of Prop. 14.61 

For the second statement notice that 

hm x-''^#h%^c = ^^"{B)^^%c). 

k^oo 

Hence 

hm log(A-2'=#4^) = \ogi^^^iB)^i^iC)) 

k-^oo 

lim (log(#4^c) - 2fclog(A) - log(/."(B)M^(C))) = 




fe-s-oo \ 2k 2k I 

= 

□ 

The following proposition allows us to extend Prop. 14.51 from the mixing SFT 
case to the mixing Smale space case and prove Theorem [ 



Proposition 4.7. Let (X^^p), and {Y,ip) be mixing Smale spaces, n : Y ^ X an 
almost 1-to-l (s or u) resolving factor map, and suppose the conclusion of Theorem 
\2.4\ holds for (Y, -0). Then the conclusion of Theorem\2.4\ holds for (X, ip). 



Proof. Suppose tt is u- resolving (the s-resolving case is completely analogous). Let 
xi, X2 & X and B C X"(xi), C C X''{x2), and let 
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Now, set C" = 7r^^(C). By Lemma [3.41 C = U™Cj', where the miion is disjoint 
and Cj' C Y^{y2,i) for some y2.i G Y. Also, fix j/i G Tr^^{xi), and set S' such that 
TT : _B' — > _B is a homeomorphism, so S' £ V^d/i ). Now set 

hk _ -\ \hk ,,k _ k -S^ -^'-^^ ,,k 



B'C 



Notice that since hy C and tt is u-resolving, tt is one-to-one (and 

hence bijective) on hy. In other words h\ — nihy), and therefore /iy = o tt). 
Also recall from Lemma [^31 that 



lim 



Now, for / e C(X) 



Z^Aix = / (/ o Tr)d{nx o tt) = / (/ o 7r)d^i 

X J7r-i(X) 



lim / (/ o n)dfig, qi for any i, by hypothesis 



lim 



(f o TT)dn%, r" 



lim / (/ o Tr)dfiY 

k^oo 



k- 



'OO 



lim / (/ o 7r)d(Aix ° tt) 



hm / /d/x^ 



We are now ready to prove Theorem 



□ 



Proof of Theorem \2.4\ As in Cor. 1.4 in 9 , for the mixing Smale space {X, (p) we 
can find another mixing Smale space (Yjip) and a mixing SFT (I],f7), as well as 
almost one-to-one factor maps tti : E — F, 7r2 : F — ?> X such that tti is s-resolving 
and TT2 is M-resolving. The conclusion then follows from Prop. I4.5l and 2 applications 
of Prop. HJl □ 



Finally, we prove Theorems 12.71 and 12.91 



Proof of TheoreTns \2.7\ and \2.9l We assume that B, C are contained in Xi^. With- 
out loss of generality, we assume io ~ 1. Since for any n > 0, ip'^ (B) , (p" (C) are 
both contained in Xi^n (where 1 -f n is interpreted modulo /), the intersection of 
h% (J with Xi is ip''^+*~^{B) n i^^''^+'"^(C), which we denote by ftf . Furthermore, 
we define 
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With I < i < I fixed, consider Theoreni l2 . Sl applied to the system {Xi, ip' \ Xi) with 
local unstable and stable sets (p^~^{B) and (/j'~^(C). Notice also that h{Xi,Lp^) = 
Ih{X, if), so if log(A) = h{X, ip), log(A^) = h{X„ ip'). It now follows that 

k 



Noticing that 



we have 



lim 



k 



k #h: 



lim#4,C'A-''-' = //i"'"(i?K'^(C). 

k 



It then follows as in the proof of Theorem 12.31 that 



We also note that, Theorem l2.4l implies 



lip Mi 

k 



Putting all of this together, we have 



I 

lim(#4,c)-'EE^^ 

/ 



k 



= limy 



7 



E 



1=1 



MX, 



□ 
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